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INSTANTONS ON ALE SPACES FOR CLASSICAL GROUPS
HIRAKU NAKAJIMA
Abstract. We give an ADHM type description of instantons on ALE spaces for classical
groups as an extension of the description in [KN90] for unitary groups.
When a gauge group is a unitary group, instantons on ALE spaces have a description
in terms of quiver representations [KN90]. It is a modification of ADHM description
[ADHM78] of instantons on S4. (It followed more closely the presentation in [DK90].) The
latter has a version for SO / Sp gauge groups, as an SO / Sp instanton can be considered as
a unitary instanton A together with an involutive isomorphism between the dual instanton
and the original instanton A∗ ∼= A. More precisely we take ADHM description for both A
and A∗, and assign an isomorphism between two descriptions. This was explained already
in [ADHM78], and has been well-known in gauge theory context. See [Buc86] for instantons
on CP 2. It is discussed e.g. in [Cho16] in the presentation in [DK90].
When [KN90] was written, description of SO / Sp instantons on ALE spaces was not
known, as the description of the dual instanton A∗ was not given. More precisely, the
description in [KN90] involves the parameter ζ for the level of the hyperka¨hler moment
map, and we are forced to change ζ to −ζ when we describe A∗. Thus we need an
isomorphism from description for ζ to one for −ζ. It was found later as the reflection
functor F corresponding to the longest element w0 in the finite Weyl group [Nak03, §9].
But the ADHM description of SO / Sp instantons on ALE spaces was not mentioned
in [Nak03, §9], as the motivation there was different. We do this job in this short note.
The author is motivated to do it by a recent preprint [Li18]. No new input other than
[KN90, Nak03] is necessary, so we just state the result without a proof. It is also good
to look at [Nak16, App. A.4] where ADHM description of SO / Sp instantons on R4/Γ is
explained. It can be considered as a degenerate case of the discussion below where the
reflection functor F becomes the identity.
(i). Involution on an affine Dynkin diagram. Let Γ be a finite subgroup of SU(2). Let
us define an involution ∗ on the affine Dynkin diagram by ρ∗i ∼= ρi∗ , where ρi is an irreducible
representation of Γ corresponding to a vertex i via the McKay correspondence and ρ∗i is
the dual representation of ρi. It fixes the trivial representation ρ0, and hence induces a
diagram involution on the finite Dynkin diagram. It is the same diagram involution given
by the longest element w0 of the Weyl group as −w0(αi) = αi∗ , where αi is the simple root
corresponding to the vertex i. In the labeling in [Kac90, Ch. 4], it is given by i∗ = `− i+ 1
for type A`, 1
∗ = 5, 2∗ = 4, 3∗ = 3, 4∗ = 2, 5∗ = 1, 6∗ = 6 for type E6 respectively. For
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type D` with odd `, it is given by
i∗ =

`− 1 if i = `,
` if i = `− 1,
i otherwise,
It is the identity for other types.
When i∗ = i, we determine whether ρi ∼= ρ∗i is given by a symplectic or orthogonal form
as follows: The trivial representation, assigned to i = 0, is orthogonal. For type A` with
odd ` with i = (`+ 1)/2, it is orthogonal. For other types, ρi0 for the vertex i0 adjacent to
the vertex i = 0 in the affine Dynkin diagram is the representation given by the inclusion
Γ ⊂ SU(2). Therefore ρi0 ∼= ρ∗i0 is symplectic. If i is adjacent to i0 and i∗ = i, then ρi ∼= ρ∗i
is orthogonal. If j is adjacent to such an i with j∗ = j, then ρj ∼= ρ∗j is symplectic, and so
on.
(ii). ADHM description of dual instantons. Let (I,H) be the McKay quiver for Γ,
namely I is the set of isomorphism classes of irreducible representations of Γ, and H is
the set of arrows where we draw aij arrows from i to j for aij = dim HomΓ(ρi, ρj ⊗ Q),
where Q is the 2-dimensional representation of Γ given by the inclusion Γ ⊂ SU(2). We
also choose an orientation Ω of H, which is a division H = Ω unionsq Ω, where h is the arrow
with the opposite direction to h. We define ε : H → {±1} as ε(h) = 1 if h ∈ Ω, ε(h) = −1
otherwise.
We take ζ = (ζi) ∈ (R3)I , the data for an ALE space Xζ asymptotic to R4/Γ at infinity.
It sits in the level 0 hyperplane 0 = ζ · δ = ∑i ζi dim ρi, where δ is the positive primitive
imaginary root of the corresponding affine Lie algebra.
Let us take an U(n) framed instanton A on Xζ . We have the corresponding ADHM
description [KN90]. Namely we have I-graded vector spaces V =
⊕
i∈I Vi, W =
⊕
i∈IWi,
and linear maps Bh : Vo(h) → Vi(h) (h ∈ H), ai : Wi → Vi, bi : Vi → Wi (i ∈ I) satisfying the
hyperka¨hler moment map equation. Here o(h), i(h) are the outgoing and incoming vertices
of an arrow h. (Bh was denoted by Bi,j, and ai, bi were denoted by ik, jk in [KN90].)
Recall that the framing of A is an approximate isomorphism of A and a flat connection
on R4/Γ at infinity. The flat connection corresponds to a Γ-module
⊕
iWi ⊗ ρi.
Recall that the description of [KN90] uses the tautological bundle R, which decom-
poses as
⊕
i∈I Ri ⊗ ρ∗i . Reflection functors in [Nak03] are understand as isomorphisms
between different descriptions of instanton moduli spaces for different choices of R. In
particular, the reflection functor F for the longest element w0 composed with the diagram
automorphism ∗
∗ ◦ F = F ◦ ∗ : Mregζ (v,w)→Mregw0ζ∗(w0 ∗ v∗,w∗)
corresponds to R∗ =
⊕
i∈I R
∗
i ⊗ ρi as shown in [Nak03, 9(iii)]. Here Mregζ (v,w) is the
space of all solutions of the hyperka¨hler moment map equation modulo the action of the
group
∏
i∈I U(Vi), and v = dimV , w = dimW are dimension vectors of V , W . We also
take the open subset consisting of free
∏
i∈I U(Vi)-orbits. The reflection functor changes
the dimension vector v to v′ so that w0(w−Cv) = w−Cv′, and we denote v′ by w0 ∗ v.
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The parameter ζ is also changed as ζ → w0ζ. The diagram automorphism ∗ also changes
dimension vectors, hence Mregw0ζ∗(w0 ∗ v∗,w∗) is the space for the transformed dimension
vectors and the parameter ζ. Note that F and ∗ do not touch the vertex 0 corresponding
to the trivial representation, hence the component v0, w0 are unchanged.
The dual instanton A∗ is given by first take the dual vector spaces V ∗ =
⊕
i∈I V
∗
i ,
W ∗ =
⊕
i∈IW
∗
i , and then replace linear maps as
−ε(h)tBh : V ∗o(h) → V ∗i(h), −tbi : W ∗i → V ∗i , tai : V ∗i → W ∗i ,
where the transpose tξ : F ∗ → E∗ of a linear map ξ : E → F is defined by 〈ξe, f〉 = 〈e, tξf〉
for e ∈ E, f ∈ F ∗. The parameter ζ for the hyperka¨hler moment map equation is replaced
by −ζ. Hence this construction gives an involutive isomorphism
t : Mregζ (v,w)→Mreg−ζ (v,w).
Composing two isomorphisms, we get
t ◦ ∗ ◦ F = ∗ ◦ F ◦ t : Mregζ (v,w)→Mregζ (w0 ∗ v∗,w∗),
where we have used −w0ζ∗ = ζ.
A little more precisely, the space Mregζ (v,w) depends on the I-graded vector space W ,
not only on its dimension vector w. (On the other hand, it does not depend on V as
we take the quotient by
∏
U(Vi).) We replace W =
⊕
i∈IWi by
⊕
i∈IW
∗
i∗ . Or even
better we should regard W as a Γ representation
⊕
Wi ⊗ ρi, and it is replaced by its dual
representation
⊕
W ∗i ⊗ ρ∗i =
⊕
W ∗i∗ ⊗ ρi. It is more natural in view of [KN90].
(iii). SO / Sp instantons. Let us take SO(n) or Sp(n/2) framed instanton A on Xζ . We
regard it as a U(n) framed instanton A together with an isomorphism A ∼= A∗ compat-
ible with the framing. Since framed instantons have no nontrivial automorphisms, the
isomorphism A ∼= A∗ is unique if it exists. Hence moduli spaces of SO(n)/ Sp(n/2) framed
instantons are fixed point loci in moduli spaces of U(n) instantons with respect to the
involution given by A 7→ A∗. Here moduli spaces are constructed by a gauge theoretic
method as in [Nak90].
When we say A ∼= A∗ is compatible with the framing, we need to fix an isomoprhism of
the flat connection and its dual in advance. It is given by a symplectic or nondegenerate
symmetric form on the representation
⊕
Wi ⊗ ρi, according to the SO(n) or Sp(n/2)
instanton.
Let us describe the involution in terms of the ADHM description by using the result
explained in §(ii). Since the gauge theoretic construction and the ADHM description give
isomorphic hyperkh¨aler manifolds [KN90, §8], moduli spaces of SO(n)/ Sp(n/2) framed
instantons are fixed point loci in Mregζ (v,w) with respect to an involution, which is more
or less clear that it is given by t ◦ ∗ ◦ F .
Note that w∗ = w as
⊕
Wi⊗ρi is isomorphic to its dual as above. The first Chern class
as a U(n) instanton vanishes, hence we have w0 ∗ v∗ = v by [KN90, §9]. But this is not
enough to make t ◦ ∗ ◦ F an involution on Mregζ (v,w) as explained in the last paragraph
of §(ii). Namely we need to choose an isomorphism Wi ∼= W ∗i∗ . It is given as follows.
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Suppose i = i∗ (that is ρ∗i ∼= ρi). We have a symmetric or symplectic form on Wi ⊗ ρi
according to SO(n) or Sp(n/2) instantons. Since ρi has a symmetric or symplectic form
according to the rule to determine the form for ρi ∼= ρ∗i is explained in §(i), we choose a
symmetric or symplectic form on Wi. For example Wi ∼= W ∗i is given by a symplectic form
if ρi ∼= ρ∗i is symplectic and we consider SO(n) instantons.
When i 6= i∗, we have a symmetric or sympletic form on (Wi ⊗ ρi) ⊕ (Wi∗ ⊗ ρ∗i ). Thus
we have isomorphisms fi : Wi → W ∗i∗ , fi∗ : Wi∗ → W ∗i . Then we have tfi∗ = ±fi, where we
choose the sign according to SO(n) or Sp(n/2) instantons.
Now t ◦ ∗ ◦ F is defined as an involution on Mregζ (v,w).
Theorem 1. A moduli space of SO(n) or Sp(n/2) framed instantons on Xζ is isomorphic
to the fixed point locus Mregζ (v,w)
t◦∗◦F as a hyperka¨hler manifold.
Dimension vectors v, w are determined by the second Chern class and the framing
considered as U(n) instantons.
(iv). Extension to partial compactification. Recall that Mregζ (v,w) is defined as the
open subset consisting of free
∏
U(Vi)-orbits. We have a larger spaceMζ(v,w) by dropping
the freeness condition. It is Uhlenbeck’s partial compactification of the moduli space of
framed instantons on Xζ .
The isomorphism t ◦ ∗ ◦ F extends to Mζ(v,w) as a homeomorphism. This is because
the reflection functor is defined on the larger space, and t, ∗ clearly extend. It is also clear
in the gauge theoretic construction of Mζ(v,w). If we use algebro-geometric construction
of Mζ(v,w) via geometric invariant theory, we can endow Mζ(v,w) with a structure of a
quasiprojective variety. Then the extension of t ◦ ∗ ◦ F is an involution on a variety. The
fixed point loci are also quasiprojective varieties.
Note that Mregζ (v,w) has another partial compactification as a moduli space of framed
torsion free sheaves on Xζ . The corresponding ADHM description is given as follows. (See
[Nak07] for detail.) We take an algebro-geometric description ofMζ(v,w). We decompose
the parameter ζ to complex and real parts ζC, ζR, impose the complex moment map
equation involving only ζC. We have the group action of
∏
GL(Vi) on the solution space.
We take the quotient of the ζR-semistable locus by the S-equivalene relation. Thus
Mζ(v,w) ∼= Hss(ζR,ζC)/∼,
where Hss(ζR,ζC) is the open subset of ζR-semistable points in the solution space of the complex
moment map equation. See [Nak03, Prop. 2.11].
Recall that ζR lives on the level 0 hyperplane ζR · δ = 0. Then we take ζ ′R near ζR with
ζ ′R · δ < 0. Then we defineM(ζC,ζ′R)(v,w) as the quotient of the ζ ′R-semistable (equivalently
ζ ′R-stable) locus by the action of
∏
GL(Vi). Then ζ
′
R-semistability implies ζR-semistability
by our choice, that is Hss(ζ′R,ζC)
⊂ Hss(ζR,ζC). It induces a morphism
M(ζC,ζ′R)(v,w)→Mζ(v,w),
which is an isomorphism on Mregζ (v,w). Therefore M(ζC,ζ′R)(v,w) is another partial com-
pactification of Mregζ (v,w).
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Note that −w0(ζ ′R)∗ 6= ζ ′R as they live in the opposite side of the level 0 hyperplane
ζR · δ = 0. Therefore t ◦ ∗ ◦ F does not define an involution on M(ζC,ζ′R)(v,w).
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